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Let K be a subset of a Banach space X. A semigroup .F = {fa 1 oi E A} of 
Lipschitz mappings of K into itself is called eventually nonexpansive if the 
family of corresponding Lipschitz constants {K, / oi E A} satisfies the following 
condition: for every E > 0, there is a y E A such that kg < 1 + l whenever 
fe E f,3 = {fyfe j fa E F}. It is shown that if K is a nonempty, closed, convex, 
and bounded subset of a uniformly convex Banach space, and if 9”: K -K 
is an eventually nonexpansive, commutative, linearly ordered semigroup of 
mappings, then F has a common fixed point. This result generalizes a fixed 
point theorem by Goebel and Kirk. 
In [2], Goebel and Kirk showed that an asymptotically nonexpansive 
mapping of a nonempty, closed, convex and bounded subset of a uniformly 
convex Banach space into itself has a fixed point. It is the purpose of this 
paper to generalize this result in the setting of linearly ordered semigroups. 
A Banach space is called uniformly convex (Clarkson [l]) if for each E > 0, 
there is a S(E) > 0 such that if // x 11 = 11 y 11 = 1 then 11(x + y)/2 11 < 1 - 8(e). 
In such a space, it is easily shown that the inequalities 11 x /j < d, 11 y Ij < d, 
11 x - y iI 3 E implies that 11(x + y)ll < (1 - 8(~/d)) d. 
DEFINITION [2]. Let K be a subset of a Banach space X. A transformation 
F: K -+ K is said to be asymptotically nonexpansive if for each x, y E K, 
II Fi(x) - F”(y>ll < ki II x - y II where {kd is a sequence of real numbers such 
that limi+= ki = 1. 
DEFINITION. Let K be a subset of a Banach space X. A semigroup of 
mappings .F = {fm 1 01 E A} of K into itself is called eventually nonexpansive if 
(i) for each fa E 9, there is a real number k, such that 
ll.LW - fol(~)ll G k II x -Y II for x, y E K 
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and 
(ii) for every E > 0, there is y E A such that ka < 1 + c whenever 
It is clear that if F is an asymptotically nonexpansive mapping of K into 
itself, then the semigroup of mappings 9 = {Fi j i ~1) generated by F is 
eventually nonexpansive. 
The concept of a linearly ordered semigroup was introduced in [4]. In 
general, let (X, d) be a metric space and % a semigroup of mappings of X 
into itself. F is called linearly ordered if it satisfies the condition that for 
every f, g E 9, either Ff C Fg, or Pg C 9f. In the case when 3f C Fg, 
we say that f follows g and denote this fact by f 3 g. Clearly a flow [3] and any 
semigroup with a single generator are examples of linearly ordered semi- 
groups. These linearly ordered semigroups are moreover commutative. 
The following result is a generalization of the main theorem in [2]. The 
method used for the proof of this result is a generalization of the technique 
employed in [2]. 
THEOREM. Let K be a nonempty, closed, convex and bounded subset of a 
uniformly convex Banach space X. Suppose S = (fn 1 01 E A) is an eventually 
nonexpansive, commutative, linearly ordered semigroup of mappings of k’ into 
itself. Then 9 has a common fixed point. 
Proof. For every x E K and Y > 0, let S(x, r) = {y 1 jj y - x :! < r). 
Let y E K be fixed, and let R, consists of those numbers p for which there 
exists a mapping g E g such that K n [nrPs S(fg(y), p)] # 4. Since K is 
bounded, R, # $. Let p,, = inf R, . For every E > 0, define CRE = 
nfs9 S(fg( y), pa + 6) and C, = ugEp Cg, . Now, for each E > 0, the sets 
C, n K are nonempty (since p,, = inf R,). These sets are moreover convex 
(since 9- is linearly ordered, the collection {C,. 1 g E 9} is nested, hence C, 
is convex as the union of a nested family of convex subsets). Let 
C = &,, (cE n K). Then C is nonempty as it is the intersection of a nested 
collection of nonempty closed, convex subsets of a reflexive Banach space, 
Next, let x E C, then x E cG n K for every E > 0. Hence, for each E > 0, 
there is a g E 9 such that x E Cg,, i.e., I/ x - fg( y)li < p,, + l for everyf E 9. 
If for every E > 0, there exists g E 9 such that for every f E 9 we have 
)I x - fg(x)li < E, then clearly the point x is a common fixed point of 9. 
On the other hand, suppose that for this x E C, there is E > 0, such that 
for each g E F”, there exists f, E 9 (f, depending ong) with I/ x -f,g(x)jl > E. 
Assume that p,, > 0 (pa = inf R,). Choose p > 0 such that 
[1 - Y4PO + 81 (PO + B) G PO . 
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Now, corresponding to /?/2, since x E C, there exists g,,, E .F such that for 
every f~ ?F, we have II x -fgo&)ll < p. + PP. 
Let k, be the Lipschitz constant of f=. Choose y E A such that 
MPO + P/2) < PO + P w h enever f0 E f,.F = {f,f= 1 fz E F}. Now, for the 
mapping gBizfy E 9, there is h E S such that 
II x - &3bf,(4li > E. 
On the other hand, for every f E 9, we have 
(1) 
and 
where k denote the Lipschitz constant of fyhgBiz . 
Hence, by (l)-(3) b a ove and uniform convexity of X, for every f E 9 
we have 
II@ _L b%,2.m)/2 - 0%3/&3/2(Y')ll G 11 - 8(4fO + P>l (PO + P) < PO *
Let po* = [l - S(ho + RI (p. + i-3. Then 
n s(ffy~gB,zgdY), fo*) f 0 I 
fEF 
contradicting the assumption that p. > 0. 
However p. = 0 implies that there exists g E 9 such that Pg(y) = 
ui(Y)If~m d re uces to a single point z which is clearly a common fixed 
point of 9. 
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